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STANLEY–REISNER RINGS OF GENERALISED
TRUNCATION POLYTOPES AND THEIR
MOMENT-ANGLE MANIFOLDS
IVAN LIMONCHENKO
Dedicated to Professor Victor M. Buchstaber on the occasion of his 70th birthday
Abstract. We consider simple polytopes P = vck(∆n1 × . . . × ∆nr ),
for n1 > . . . > nr > 1, r > 1, k > 0, that is, k-vertex cuts of a prod-
uct of simplices, and call them generalized truncation polytopes. For
these polytopes we describe the cohomology ring of the corresponding
moment-angle manifold ZP and explore some topological consequences
of this calculation. We also examine minimal non-Golodness for their
Stanley–Reisner rings and relate it to the property of ZP being a con-
nected sum of sphere products.
1. Introduction
We denote by k the base field of zero characteristic or the ring of integers.
Let k[v1, . . . , vm] be the graded polynomial algebra onm variables, deg(vi) =
2, and let Λ[u1, . . . , um] be the exterior algebra, deg(ui) = 1. The face ring
(also known as the Stanley–Reisner ring) of a simplicial complex K on a
vertex set [m] = {1, . . . ,m} is the quotient ring
k[K] = k[v1, . . . , vm]/IK
where IK is the ideal generated by those square free monomials vi1 · · · vik
for which {i1, . . . , ik} is not a simplex in K. We refer to IK as the Stanley–
Reisner ideal of K.
Note that k[K] is a module over k[v1, . . . , vm] via the quotient projection.
The dimensions of the bigraded components of the Tor-groups,
β−i,2j(k[K]) := dimkTor
−i,2j
k[v1,...,vm]
(
k[K],k
)
, 0 6 i, j 6 m,
are known as the bigraded Betti numbers of k[K], see [12] and [4, §3.3]. They
are important invariants of the combinatorial structure of K.
A face ring k[K] is called Golod if the multiplication and all higher Massey
operations in Tork[v1,...,vm]
(
k[K],k
)
are trivial. If so, the complex K is also
called Golod . If K itself is not Golod but deleting any vertex v from K turns
the restricted complex K − v into a Golod one, then k[K] and K itself are
called minimally non-Golod .
The moment-angle complex of a simplicial complex K is a CW-complex
ZK =
⋃
I∈K
(∏
i∈I
D2 ×
∏
i/∈I
S1
)
(viewed as a subcomplex in a unit disk (D2)m).
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The Tor-groups and the bigraded Betti numbers of k[K] acquire a topological
interpretation by means of the following result on the cohomology of ZK :
Theorem 1.1 ([4, Theorem 8.6] or [11, Theorem 4.7]). The cohomology
algebra of the moment-angle manifold ZK is given by the isomorphisms
H∗(ZK ;k) ∼= Tork[v1,...,vm](k[K],k)
∼= H
[
Λ[u1, . . . , um]⊗ k[K], d
]
∼=
⊕
I⊂[m]
H˜∗(KI),
where bigrading and differential in the cohomology of the differential bigraded
algebra are defined by
bidegui = (−1, 2), bideg vi = (0, 2); dui = vi, dvi = 0.
In the third row, H˜∗(KI) denotes the reduced simplicial cohomology of the full
subcomplex KI of K (the restriction of K to I ⊂ [m]). The last isomorphism
is the sum of isomorphisms
Hp(ZK) ∼=
∑
I⊂[m]
H˜p−|I|−1(KI),
and the ring structure (the Hochster ring) is given by the maps
Hp−|I|−1(KI)⊗H
q−|J |−1(KJ )→ H
p+q−|I|−|J |−1(KI∪J), (∗)
which are induced by the canonical simplicial maps KI∪J →֒ KI ∗KJ (join
of simplicial complexes) for I ∩ J = ∅ and zero otherwise.
Let P be a simple n-dimensional convex polytope with m facets (faces of
codimension 1) F1, . . . , Fm. Denote by KP the boundary ∂P
∗ of the dual
simplicial polytope. It can be viewed as a (n − 1)-dimensional simplicial
complex on the set [m], whose simplices are subsets {i1, . . . , ik} such that
Fi1 ∩ . . . ∩ Fik 6= ∅ in P .
We call ZP = ZKP the moment-angle manifold of P . By [4, Lemma 7.2],
ZP is a smooth closed manifold of dimension m+ n.
Therefore, by Theorem 1.1 cohomology of ZP acquires a bigrading and
the topological Betti numbers bq(ZP ) = dimkH
q(ZP ;k) satisfy
bq(ZP ) =
∑
−i+2j=q
β−i,2j(k[KP ]). (1.3)
We denote
β−i,2j(P ) := β−i,2j(k[KP ]).
Poincare´ duality in cohomology of ZP respects the bigrading:
Theorem 1.2 ([4, Theorem 8.18]). The following formula holds:
β−i,2j(P ) = β−(m−n)+i,2(m−j)(P ).
From now on we shall drop the coefficient field k from the notation of
(co)homology groups. The following classical result can be also obtained as
a corollary of Theorem 1.1:
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Theorem 1.3 (Hochster, see [4, Cor. 8.8]). Let K = KP . We have:
β−i,2j(P ) =
∑
J⊂[m],|J |=j
dim H˜j−i−1(KJ ).
The structure of this paper is as follows. Complete calculation of bigraded
Betti numbers for generalized truncation polytopes is given in Section 2. We
then apply our calculation to describing the topology of the correspond-
ing moment-angle manifold. For truncation polytopes P = vck(∆n) with
n > 2, k > 0 this was done in [8]. Our results on the bigraded Betti numbers
agree with partial description of the diffeomorphism types of ZP for gener-
alized truncation polytopes with r = 1, 2 from [6]. In Section 3 we prove
a criterion of when a face ring of an arbitrary generalized truncation poly-
tope is minimally non-Golod, the latter property was proved for truncation
polytopes in [1, Theorem 6.19]. We also relate our results to a conjecture
of [7], cohomological rigidity for moment-angle manifolds and topological
invariance problems for bigraded Betti numbers.
The author is deeply grateful to his scientific adviser Taras Panov for many
helpful discussions and advice which was always so kindly proposed during
this work and whenever. Many thanks to Hiraku Abe, Anton Ayzenberg and
Suyoung Choi for their comments and suggestions and to Mikiya Masuda for
organizing the Toric Topology meetings in Osaka where the author gave his
first related talk.
2. Cohomology rings of moment-angle manifolds for
generalized truncation polytopes
Let P be a simple d-dimensional polytope and v ∈ P its vertex. Choose a
hyperplane H such that H separates v from the other vertices and v belongs
to the positive halfspace H> determined by H. Then P ∩H> is a d-simplex,
and P ∩ H6 is a simple polytope, which we refer to as a vertex truncation
(cut) of P . When the choice of the cut vertex is clear or irrelevant we use
the notation vc(P ). We also use the notation vck(P ) for a polytope obtained
from P by iterating the vertex cut operation k times. The combinatorial type
of P may depend on the choice of truncated vertices but it is not important
for us here.
As an example of this procedure, we consider the polytope P = vck(∆n1×
. . . ×∆nr), for n1 > . . . > nr > 1, r > 1, k > 0, where ∆
n is an n-simplex.
This becomes a truncation polytope (dual to a stacked polytope, see [8]) if
and only if r = 1 or r = 2, n2 = 1, here we refer to such P as a generalized
truncation polytope of type (k;n1, . . . , nr) or a (k;n1, . . . , nr)-polytope; it has
m = n1 + . . .+ nr + r + k facets and dimension d = n1 + . . .+ nr.
The bigraded Betti numbers for stacked polytopes were calculated com-
pletely in [13]. We begin with a theorem that gives a complete calculation
of bigraded Betti numbers for the case r = 2:
Theorem 2.1. For a generalized truncation polytope P = vck(∆n1 ×∆n2)
with n1 > n2 > 1, k > 0, the bigraded Betti numbers of ZP are given by the
following formulae (1 6 i 6 k + 1).
(a) β−i,2(i+n)(P ) = 2
( k
i−1
)
, if n1 = n2 = n
4 IVAN LIMONCHENKO
(b) β−i,2(i+n1)(P ) = β−i,2(i+n2)(P ) =
( k
i−1
)
, if n1 > n2
(c) β−i,2(i+1)(P ) = β−(k+2−i),2(k+1−i+n1+n2)(P ) = i
(k+2
i+1
)
−
( k
i−1
)
(d) β0,0(P ) = β−(m−d),2m(P ) = 1
The other bigraded Betti numbers are zero, where m is the number of facets
of P and d is its dimension.
Proof. To proceed by induction on the number of vertex truncations k we
should analyze the behavior of bigraded Betti numbers under a single vertex
cut. Let P be an arbitrary simple polytope and P ′ = vc(P ). We denote by
Q and Q′ the dual simplicial polytopes respectively, and denote by K and
K ′ their boundary simplicial complexes. Then Q′ is obtained by adding a
pyramid with a vertex v over a facet F of Q. We also denote by V , V ′ and
V (F ) the vertex sets of Q, Q′ and F respectively, so that V ′ = V ∪ v.
The proof of (c) is based on the following lemma:
Lemma 2.2 ([13],[8]). Let P be a simple d-polytope with m facets and P ′ =
vc(P ). Then
β−i,2(i+1)(P ′) =
(
m− d
i
)
+ β−(i−1),2i(P ) + β−i,2(i+1)(P ).
Proof. This is done by a direct application of Theorem 1.3 for j = i+1. 
Now formula (c) of Theorem 2.1 follows by induction on the number of
cut vertices, using the fact that β−i,2(i+1)(∆n1 × ∆n2) = 0, n1 > n2 > 1
for all i, Lemma 2.2 and the bigraded Poincare duality, see Theorem 1.2.
Formula (d) is valid for all simple polytopes.
In (b) the first equality also follows from the bigraded Poincare duality,
see Theorem 1.2. It remains to prove (a) and the second equality of (b). We
use the following lemma:
Lemma 2.3. Let P be a generalized truncation polytope of type (k;n1, n2),
K the boundary complex of the dual simplicial polytope, V the vertex set
of K, and W a nonempty proper subset of V . Then
(i) H˜i(KW ) = 0 for i 6= 0, n1 − 1, n2 − 1, d − 2;
(ii) For i = n1 − 1 or n2 − 1 the homology group H˜i(KW ) is nontrivial
(and then ∼= k) if and only if W = V (∆n1)∪NV1 or V (∆
n2)∪NV2,
where NV1,2 ⊂ NV , NV is a set of ’new vertices’ of P , |NV | = k.
Proof. The proof is by induction on the number k of vertex truncations. We
begin with the proof of (i).
If k = 0 then P = ∆n1 × ∆n2 , and KP = (∂∆
n1) ∗ (∂∆n2) ∼= Sn1−1 ∗
Sn2−1 ∼= Sn1+n2−1. Therefore, by the definition of join, KW is either con-
tractible or homotopy equivalent to a sphere of dimension either n1 − 1 or
n2 − 1 for every proper subset W ⊂ V .
To make the induction step we consider V ′ = V ∪ v, V1 = V (∆
n1),
V2 = V (∆
n2) and V (F ) as in the beginning of the proof of Theorem 2.1.
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Assume the statement is proved for V and let W be a proper subset of V ′.
We consider 5 cases, following [8].
Case 1: v ∈W, W ∩ V (F ) 6= ∅.
If V (F ) ⊂ W , then K ′W is a subdivision of KW−{v}. It follows that
H˜i(K
′
W )
∼= H˜i(KW−{v}).
If W ∩ V (F ) 6= V (F ), then we have
K ′W = KW−{v} ∪K
′
W∩V (F )∪{v}, KW−{v} ∩K
′
W∩V (F )∪{v} = KW∩V (F ),
and both KW∩V (F ) and K
′
W∩V (F )∪{v} are contractible. From the Mayer–
Vietoris exact sequence we again obtain H˜i(K
′
W )
∼= H˜i(KW−{v}).
Case 2: v ∈W, W ∩ V (F ) = ∅.
In this case it is easy to see that K ′W = KW−{v} ⊔ {v}. It follows that
H˜i(K
′
W )
∼=
{
H˜i(KW−{v})⊕ k, for i = 0;
H˜i(KW−{v}), for i > 0.
Case 3: W = V ′ − {v} = V.
Then K ′W is a triangulated (d− 1)-disk and therefore contractible.
Case 4: v 6∈W, V (F ) ⊂W, W 6= V.
We have
KW = K
′
W ∪ F, K
′
W ∩ F = ∂F,
where ∂F is the boundary of the facet F . Since ∂F is a triangulated (d− 2)-
sphere and F is a triangulated (d − 1)-disk, the Mayer–Vietoris homology
sequence implies that
H˜i(K
′
W )
∼=
{
H˜i(KW ), for i < d− 2;
H˜i(KW )⊕ k, for i = d− 2.
Case 5: v 6∈W, V (F ) 6⊂W.
In this case we have K ′W
∼= KW .
In all cases we obtain
H˜i(K
′
W )
∼= H˜i(KW−{v}) = 0 for i 6= 0, n1 − 1, n2 − 1, d− 2,
which finishes the proof of (i) by induction.
To prove (ii) note that from the above proof and the definition of join it
follows that H˜n1−1(KW ) is nontrivial if and only if V (W ) = V1 ∪ NV1 for
some NV1 ⊂ NV , |NV1| > 0, that is V1 ⊂W and V2 ∩W = ∅. In the latter
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case H˜n1−1(KW )
∼= k. The case of (n2 − 1)-dimensional homology groups is
similar. 
Now statements (a) and (b) of Theorem 2.1 follow from Theorem 1.3 (if
KJ has j = i+n1 vertices then |V1| = n1+1 implies that any j−|V1| = i−1
new vertices uniquely determine such KJ).
Vanishing of the other bigraded Betti numbers in Theorem 2.1 follows
from Theorem 1.3 and Lemma 2.3. 
Our main result in this section gives a complete calculation of the bigraded
Betti numbers of all generalized truncation polytopes:
Theorem 2.4. Let P be a (k;n1, . . . , nr)-polytope with r > 1. Denote by a
the number of ’1’s in the set {n1, . . . , nr}. Then the bigraded Betti numbers
of P are given by the following formulae (1 6 i 6 k + r − 1, 1 < l < d− 1).
(a) β−i,2(i+l)(P ) =
∑
{ni1 ,...,nis}⊂{n1,...,nr}: l=ni1+...+nis
( k
i−s
)
.
(b) β−i,2(i+1)(P ) = β−(k+r−i),2(d+k+r−i−1)(P ) =
= k
(
k+r−1
i
)
−
(
k
i+1
)
+ a
(
k
i−1
)
.
(c) β0,0(P ) = β−(m−d),2m(P ) = 1.
The other bigraded Betti numbers are zero (we assume
(b
c
)
= 0 if b < c or
one of them is negative).
Proof. We use the notation of Theorem 2.1.
To prove (a) we modify the statement of Lemma 2.3 for the general case
as follows. From the proof of Lemma 2.3 and Theorem 1.3 it is clear that
β−i,2j(P ) = 0 for all j : j− i 6= ni1 + . . .+ nis , {ni1 , . . . , nis} ⊂ {n1, . . . , nr}.
For other 1 < l = j − i < d − 1, the full subcomplexes KW with W =
V (∆np) ∪ NVp, NVp ⊂ NV , for some 1 6 p 6 r, and all their joins
give all nontrivial homology groups H˜l−1(KW ). Here we used the fact that
Sp∗Sq ∼= Sp+q+1. This implies that j = i+l = (n1+1)+. . .+(ns+1)+(i−s)
and so any (i−s) new vertices give +1 in the sum (a) when i and l are fixed.
For the statement (b), the third term of the sum appears from the argu-
ment similar to the one for formula (a) (we have a summands of the type(
k
i−s
)
with s = 1); the first two terms appear from Lemma 2.2 by induction
on the number of vertex truncations k.
The rest of Theorem 2.4 follows from Theorem 1.3.

Remark. Note that formula from Theorem 2.4 (b) in the case a = 0, r = 2
gives β−i,2(i+1)(P ) = k
(
k+r−1
i
)
−
(
k
i+1
)
= i
(
k+2
i+1
)
−
(
k
i−1
)
, in accordance with
Theorem 2.1 (c).
We also include the results about the bigraded Betti numbers of truncation
polytopes (n > 3) and polygons (n = 2) for further use:
Proposition 2.5 ([13],[8]). Let P = vck(∆n) be a truncation polytope. Then
for n > 3 the bigraded Betti numbers are given by the following formulae:
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(a) β−i,2(i+1)(P ) = i
(k+1
i+1
)
,
(b) β−i,2(i+n−1)(P ) = (k + 1− i)
( k+1
k+2−i
)
,
(c) β−i,2j(P ) = 0, for i+ 1 < j < i+ n− 1.
(d) β0,0(P ) = β−(m−n),2m(P ) = 1.
The other bigraded Betti numbers are zero.
Proposition 2.6 (see [4, Example 8.21]). If P = vck(∆2) is an (k+3)-gon,
then
(a) β−i,2(i+1)(P ) = i
(
k+1
i+1
)
+ (k + 1− i)
(
k+1
k+2−i
)
,
(b) β0,0(P ) = β−(k+1),2(k+3)(P ) = 1.
The other bigraded Betti numbers are zero.
Corollary 2.7. The bigraded Betti numbers of a generalized truncation poly-
tope P depend only on the dimension and the number of facets of P and do
not depend on its combinatorial type. Moreover the numbers β−i,2(i+1)(P )
do not depend on the dimension d.
Corollary 2.8. In the class of all generalized truncation polytopes P of all
possible types (k;n1, . . . , nr) the set of all bigraded Betti numbers {β
−i,2j(P )}
uniquely determines the type. For generalized truncation polytopes P and Q
two bigraded rings H∗,∗(ZP ) and H
∗,∗(ZQ) are isomorphic if and only if all
their bigraded Betti numbers are equal.
Example 2.9. Consider a simple polytope P = vc1(∆4 × ∆3 × ∆2), for
which d = 9, m = 13. We calculate the bigraded Betti numbers of P using
software package Macaulay 2, see [9].
The table below has d − 1 rows and m− d − 1 columns. The number in
the intersection of the lth row and the ith column is β−i,2(i+l)(P ), where
1 6 i 6 m− d− 1 and 2 6 j = i+ l 6 m− 2. The other bigraded Betti
numbers are zero except for β0,0(P ) = β−(m−d),2m(P ) = 1, see [4, Ch.8]:
i, l i = 1 i = 2 i = 3
l = 1 3 3 1
l = 2 1 1 0
l = 3 1 1 0
l = 4 1 1 0
l = 5 0 1 1
l = 6 0 1 1
l = 7 0 1 1
l = 8 1 3 3
Theorem 1.1, the result and proof of Theorem 2.4 together with the ob-
vious fact that KP is free of torsion give us the complete description of the
cohomology ring of ZP for all (k;n1, . . . , nr)-polytopes P . We will use it
in the next section to examine minimal non-Golodness for KP and some
topological properties of ZP for generalized truncation polytopes.
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3. Minimal non-Golodness of KP and the topology of ZP
Proposition 3.1. Suppose K = K1 ∪σ K2 is a simplicial complex obtained
from two Golod complexes K1 and K2 by gluing along a common simplex.
Then K is also Golod.
Proof. Following the description of multiplication in the Hochster ring from
Theorem 1.1 (*) and using [3, Proposition 3.2.10, formula (3.11)], we denote
by αL the basis cochain in C
p(KI) corresponding to an oriented p-simplex
L ⊂ I, I ⊂ V (K). Then the product of cochains αL and αM , M ⊂ J ,
J ⊂ V (K), I∩J = ∅ is nontrivial, if and only if L∪M is a simplex in KI∪J .
Let us also denote Ik = I ∩ V (Kk) and Jk = J ∩ V (Kk) for k = 1, 2.
Suppose for a pair of disjoint subsets I, J ⊂ V (K) we have a nontrivial
product by the formula Theorem 1.1 (*). By the above argument for some
simplices L ⊂ I and M ⊂ J we have that L ∪ M is also a simplex in
KI∪J . Then by the gluing construction we get that either L ⊂ I1, M ⊂ J1,
L ∪M ⊂ K1 or L ⊂ I2, M ⊂ J2, L ∪M ⊂ K2.
But the two complexes K1 and K2 are Golod, so the product of αL and
αM is a coboundary in C
∗(K) and so K is Golod itself. 
Now we prove our main result in this section:
Theorem 3.2. For P = vck(∆n1 × . . . ×∆nr) with n1 > . . . > nr > 1, r >
1, k > 0, its face ring KP is minimally non-Golod if and only if r = 1, 2 and
P is not a simplex.
Proof. The proof is by induction on the number of new vertices k.
Suppose r = 2. We use notation from the proof of Theorem 2.4.
If k = 0 then P = ∆n1 × ∆n2 and KP = (∂∆
n1) ∗ (∂∆n2). Suppose we
delete a vertex v that belongs to ∆n2 from the complex K = KP . Then
we have: K ′ = K − v = (∂∆n1 ∗ ∆n2−1) and ZK ′ = Z∂∆n1 × Z∆n2−1 =
S2n1+1×D2n2 which is homotopy equivalent to a sphere and so K ′ is Golod
by Theorem 1.1.
For k > 1, we denote Q = vc(P ), K = KQ, KK = KP , V1 = V (∆
n1),
V2 = V (∆
n2) and use the description of multiplication from Theorem 1.1
(see formula (*)) and Lemma 2.3 for generalized truncation polytopes.
A. Suppose we delete a vertex v ∈ NV which is a vertex of exactly one
pyramid (over a facet F of P ∗).
By the description of multiplication in Theorem 1.1 (*) a nontrivial prod-
uct in cohomology ring of ZK ′ arises from a pair of subsets I, J ⊂ V (K
′),
I∩J = ∅ and I∪J = V (KP ) and we may assume (Lemma 2.3) that V1 ⊂ I,
V2 ⊂ J . We consider the following 2 cases:
Case 1: I, J ∩ V (F ) 6= ∅.
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We know by induction that KK = KP is minimally non-Golod and any
nontrivial product in H∗(ZK ′) should arise from H
∗(ZKP ) (here we use
Theorem 1.1, formula (*)). However the full subcomplexes K ′I = KKI and
K ′J = KKJ cannot give rise to a nontrivial product, otherwise in the formula
(*) we get a (n1 − 1) + (n2 − 1) + 1 = (d− 1)-dimensional cohomology class
of a full subcomplex of K ′, which is obviously trivial.
Case 2: V (F ) is contained in one of the I, J , say V (F ) ⊂ I.
Then Hd−2(KI) ∼= k and therefore we have p − |I| − 1 = d − 2 in Theo-
rem 1.1 (*) and so p+ q − |I| − |J | − 1 ≥ d− 1 in (*), which is impossible.
B. Suppose v is either in V1 ∪ V2 or a new vertex, which is not a vertex of
exactly one added pyramid over a facet of P ∗.
Then we can use minimal non-Golodness for truncation polytopes (see [1])
and induction by k for the case r = 2: we see, that K ′ decomposes as
(K1 − v1)∪σ1 . . .∪σl (Kl − vl), gluing along a common simplex σi, where Ki
is either a boundary complex of vcp(∆n1 ×∆n2) with p < k or a boundary
complex of vcp(∆n). Therefore, using Proposition 3.1, we obtain that K ′ is
Golod.
As KP is not Golod itself and we proved that K
′ = KP − v is Golod for
any v, it follows that KP is minimally non-Golod in the case r = 2.
The case r = 1 can be proved with the same argument as r = 2. The only
difference is that we do not need to consider generalized truncation polytopes
vcp(∆n1 ×∆n2) in the case B.
It remains to consider the case r > 3.
For k = 0 it is clear that ZKP− v will be homotopy equivalent to a product
of > 2 spheres for any v and therefore K = KP is not minimally non-Golod
itself anymore.
For k > 1 consider v ∈ ∆n1 . Then the nontrivial multiplication for co-
homology classes of ∂(∆n2) and ∂(∆n3) in the cohomology ring of ZK (by
Theorem 1.1) remains nontrivial inK ′ = K− v and thenK ′ is not Golod. 
Remark. The case r = 1 of Theorem 3.2 was proved in [1, Theorem 6.19]; the
crucial point in [1] was to prove combinatorially the ’strong gcd-condition’
for KP − v complexes, where P is a truncation polytope. In that proof the
fact that the complex dual to a truncation polytope (a stacked polytope) is
a union of ’stacks’ was used. For generalized truncation polytopes this no
longer takes place.
Example 3.3. For a vertex cut of a 3-cube P = vc1(∆1×∆1×∆1), suppose
v7 is the new vertex in KP . Then the complex K
′ = KP − v7 is not Golod,
as there is an induced 4-cycle in its 1-skeleton sk1(K ′). The latter is not a
chordal graph, which is necessary for K ′ to be Golod ([1, Prop. 6.4]).
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According to [6, Theorem 2.2], the moment-angle manifold ZP correspond-
ing to a generalized truncation polytope P with r = 2, n1 > n2 > 1, k > 0
is diffeomorphic to a connected sum of sphere products with 2 spheres in
each product, if m = n1 + n2 + 2 + k < 3(n1 + n2) = 3d, that is, for all
0 ≤ k < 2(n1 + n2 − 1). It is easy to see that Betti numbers of ZP obtained
from this description are equal to those calculated using Theorem 2.1 and
formula (1.3).
Example 3.4. 1. Consider P = vc1(∆4 ×∆3) with d = 7, m = 10. Then
we get:
ZP ∼= 2S
3 × S14#S4 × S13#S7 × S10#S8 × S9.
Here b5(ZP ) = b6(ZP ) = 0 and ZP is not homotopy equivalent to any ZP
for truncation polytopes, see Theorem 3.5 below.
2. Consider P = vc1(∆1 × ∆1 × ∆1). Using Theorem 1.1 it is proved
in [2, Example 11.5] that the corresponding moment-angle manifold ZP is
not homotopy equivalent to a connected sum of products of any number of
spheres. See also Example on pp. 26–27 of [6].
The topological types of moment-angle manifolds corresponding to trun-
cation polytopes can be described by means of the following result firstly
obtained by D.McGavran in [10]:
Theorem 3.5 (see [2, Theorem 6.3]). Let P = vck(∆n) for n > 2 be a
truncation polytope. Then the corresponding moment-angle manifold ZP is
diffeomorphic to the connected sum of sphere products:
k
#
j=1
(
Sj+2 × S2n+k−j−1
)#j(k+1j+1),
where X#k denotes the connected sum of k copies of X.
Remark. 1. The author doesn’t know any example of a simple polytope
P s.t. ZP is topologically a nontrivial connected sum of sphere products
including a product of three spheres (see also [6]).
2. It is proved in [6, Theorem 1.3] that a moment-angle manifold correspond-
ing to an even dimensional dual neighbourly polytope is diffeomorhic to a
connected sum of sphere products. Below we prove minimal non-Golodness
for the Stanley–Reisner rings in the case of even dimensional dual neigh-
bourly polytopes.
Proposition 3.6. If P is an n-dimensional dual neighbourly polytope, n is
even, then KP is minimally non-Golod.
Proof. By definition, every [n2 ] vertices of KP form a simplex. Therefore, by
Theorem 1.1 any nontrivial full subcomplex cohomology group of positive
dimension in the formula (*) is of dimension ≥ [n2 ]−1. Then for the product
in cohomology by (*) we get a nontrivial cohomology class only in dimension
≥ 2([n2 ] − 1) + 1 = (n − 1) for even n. But this leads to a contradiction,
as (n − 1)-dimensional cohomology group of any full subcomplex of K ′ is
obviously trivial. 
Example 3.7. By Theorem 2.4 (b) we see that for generalized truncation
polytopes P with k ≥ 1: b3(ZP ) = β
−1,4(P ) 6= 0. On the other hand, if P
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is a dual neighbourly n-polytope, n ≥ 4, then by [4, Proposition 7.34.2] and
the Hurewicz Theorem one has b3(ZP ) = . . . = b2[n
2
](ZP ) = 0. Therefore
ZP for generalized truncation polytopes P with k ≥ 1 are not homotopy
equivalent to any ZP for dual neighbourly polytopes P .
The following statement follows easily from Theorem 1.1, Theorem 2.1,
Theorem 3.5 and Remark 2 above:
Corollary 3.8. In the class of all polytopes P which are either generalized
truncation polytopes with r = 1 and r = 2, 0 ≤ k < 2(n1 + n2 − 1) or even
dimensional dual neighbourly polytopes, the set of all bigraded Betti numbers
of P determines the cohomology ring of ZP up to ring isomorphism and the
topological type of ZP up to diffeomorphism.
This is somehow opposite to an interesting example due to S.Choi, see [5].
The cases r = 1, k ≥ 1 and r = 2 in Theorem 3.2 can be generalized by
means of the following result:
Theorem 3.9. If KP is minimally non-Golod, then the same is true for its
vertex truncation Q = vc(P ).
Proof. Denote Q = vc(P ), KK = KP , K = KQ, K
′ = K − v′, v is a new
vertex over a facet F of P ∗ and d is the dimension of P . Consider the fol-
lowing 3 cases:
Case 1: v′ = v
From Theorem 1.1 and minimally non-Golodness ofKK = KP we get that
K ′ is Golod as (d − 1)-dimensional cohomology group of ZK ′ is obviously
trivial (we should only check a pair I, J s.t. I ∪ J = V (KK) and I ∩ J = ∅;
so either V (F ) is in one of the vertex subsets I or J , say, V (F ) ⊂ I, or
I, J ∩ V (F ) 6= ∅. Here we use the ring structure described in Theorem 1.1).
Case 2: v′ ∈ V (F )
In this case one can see easily that K ′ = ∆d−1 ∪∆d−2 (KK − v
′), that is
gluing in a simplex of two Golod complexes. Therefore, by Proposition 3.1
we get that K ′ is Golod.
Case 3: v′ /∈ v ∪ V (F )
Suppose a pair I, J gives a nontrivial product in the cohomology ring of
ZK ′ . First assume that v /∈ I and v /∈ J . Then I, J ⊂ V (KK) and either
V (F ) ⊂ I or V (F )∩I, J 6= ∅. In the latter case K ′I = KKI and K
′
J = KK
′
J
and the product in cohomology is trivial as (d− 1)-dimensional cohomology
group of any full subcomplex of K ′ is trivial. In the former case we get a
contradiction by the same argument.
Therefore, v ∈ I or v ∈ J . Without loss of generality, assume v ∈ I. If
V (F ) ⊂ I then K ′I and KKI are topologically equivalent and K
′
J = KKJ ,
so the product in cohomology is trivial. If V (F ) ∩ I, J 6= ∅ then obviously
K ′I is homotopy equivalent to KKI and K
′
J = KKJ and we also get a
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contradiction. The last possible case is V (F ) ⊂ J . We have K ′I = KKI ⊔ pt
and K ′J = KKJ− F and the product in cohomology of ZK ′ can be nontrivial
only if we multiply the basis cochains corresponding to the new vertex v ∈ I
and a simplex M in the boundary of F (see Proposition 3.1). But this is
the case of a boundary complex of vc1(∆d) without one vertex. The latter
complex is a Golod one as we already know, and so the product in H∗(ZK ′)
is trivial in the last case. 
Remark. The results of Theorem 3.9, Proposition 3.6 and other obserbva-
tions from this section are linked by the following interesting conjecture,
firstly appeared as [7, Question 3.5]:
ZK is topologically equivalent to a connected sum of sphere products, 2 spheres
in each product, if and only if K is minimally non-Golod and torsion free.
As a corollary of our results in this section we get another argument to
think of this conjecture as being true. One can also compare Theorem 3.9
with an open question stated in [6] p.24: is it true that if a moment-angle
manifold ZP is a connected sum of sphere products then it remains in this
class after a vertex truncation of the polytope P .
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